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Abstract. We study Sims-Yeend's product system C*-algebras and topological higher- 
rank graph C*-algebras by Yeend. We give a relation between Katsura's Cuntz-Pimsner 
covariance and Sims-Yeend's one by a direct approach and an explicit form of the core of 
product system C*-algebras. Finally, we prove Cuntz-Krieger type uniqueness theorem 
for topological higher-rank graph C*-algebras under a certain aperiodic condition. 

1. Introduction 

In 1980, Cuntz and Krieger introduced a class of C*-algebras associated with Markov 
shifts. These C*-algebras of this class are generated by a family of non-zero partial 
isometries with so-called Cuntz-Krieger relations. They showed if a 0-1 matrix which 
gives a Markov shift satisfies condition (I), then a C*-algebra generated by a family of 
any non-zero isometries with the Cuntz-Krieger relation which comes from this Markov 
shift is isomorphic to the universal one. It is now called Cuntz-Krieger uniqueness theorem 
and this theorem plays a key role in analyzing structure of Cuntz-Krieger algebras. In 
the proof of this theorem, we need a deep understanding of underlying dynamical systems 
and covariant relations. Our main purpose in this paper is to show a kind of this theorem 
for topological higher-rank graph C*-algebras. 

Since Cuntz and Krieger introduced C*-algebras mentioned above, many authors con- 
sidered various constructions motivated by Cuntz-Krieger algebras. In [T3], Pimsner pro- 
vided a class of C*-algebras arising from full Hilbert C*-bimodules with injective left 
actions, and these C*-algebras are now called Cuntz-Pimsner algebras. After Pimsner's 
work, several authors have challenged to remove some technical assumptions in the con- 
struction of Cuntz-Pimsner algebras and tried to unify some constructions of C*-algebras. 
Along this line, Katsura introduced the notions of topological graphs and topological 
graph C*-algebras generalizing both graph C*-algebras and homeomorphism C*-algebras 
[6j. In his subsequent papers, he studied relations between dynamical systems of topo- 
logical graphs and properties of topological graph C*-algebras. Furthermore he examined 
that a class of topological graph C*-algebras includes many C*-algebras which were pre- 
viously given by various ways. In particular, in [B], Katsura showed Cuntz-Krieger type 
uniqueness theorem under an aperiodic condition which is called topological freeness. At 
the same time, for a general Hilbert A-bimodule (it is also called a C*-correspondence), 
Katsura has proposed the appropriate analogue of the Cuntz-Pimsner algebra [7]. For a 
full Hilbert A-bimodule with an injective left action, Katsura's C*-algebra coincides with 
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Pimsner's one. Katsura also investigated fundamental properties [7] and ideal structures 

m 

On the other hand, graph C*-algebras were extended to higher dimension. Higher-rank 
graphs and higher-rank graph C*-algebras were defined by Kumjian and Pask [9]. Rae- 
burn, Sims and Yeend removed some technical assumptions of the higher-rank graphs and 
they called finitely aligned higher-rank graphs. Moreover they defined finitely aligned 
higher-rank graph C*-algebras and showed Cuntz-Krieger type uniqueness theorem for 
finitely aligned higher-rank graph C*-algebras [T5], [IS]. Using this theorem, Sims ana- 
lyzed structure of gauge- invariant ideals of finitely aligned higher-rank graph C*-algebras 
[PT] . Subsequently, as a unification of the topological graphs and the finitely aligned 
higher-rank graphs, Yeend introduced the notion of topological higher-rank graphs and 
using the groupoid construction |12J . he defined topological higher-rank graph C*-algebras 

EED- ED- 

As soon as Cuntz-Pimsner algebras were introduced, Fowler considered C*-algebras 
associated with product systems of Hilbert C*-bimodules over quasi-lattice ordered groups 
[3] . Unfortunately the Cuntz-Pimsner covariance of Fowler's C*-algebras does not match 
with the corresponding covariances of Katsura's (^-correspondences and finitely aligned 
higher-rank graph C*-algebras. However, Sims- Yeend recently proposed a new Cuntz- 
Pimsner covariance which succeeded to overcome this problem [18]. In [2], the authors 
showed topological higher-rank graph C*-algebras are able to be defined by using the 
construction of the product system C*-algebras or Cuntz-Nica-Pimsner algebras in the 
sense of Sims- Yeend and a C*-algebra by this construction is isomorphic to Yeend's one. 

As a remarkable result, Sims- Yeend showed the equivalence of Pimsner-Katsura's covari- 
ance and that of Sims- Yeend's one by using gauge-invariant uniqueness theorem. However 
there is a huge difference apparently between the notions of two covariances. In this pa- 
per, we pay attention to Pimsner's work in [T3] and point out that there is a relation 
with Sims- Yeend's one. Then we establish a connection of two covariances by an analog 
with Pimsner's work. Moreover our treatment has an advantage that we can provide a 
model of the core of Cuntz-Pimsner algebras and Cuntz-Nica-Pimsner algebras. This is 
also applied to prove Cuntz-Krieger uniqueness theorem for topological higher-rank graph 
C*-algebras. 

This paper is organized as follows. In Section [21 first we recall the definitions of Kat- 
sura's Cuntz-Pimsner algebras and Sims- Yeend's product system C*-algebras for the lat- 
tice ordered group We also introduce a motivated theorem of this paper in Theorem 
12.11 due to Pimsner. In Section |3J we shall show the equivalence of Katsura's Cuntz- 
Pimsner covariance defined in [7, Definition 3.4] and Sims- Yeend's one over N and an 
explicit form of the core of Cuntz-Pimsner algebras as a generalization of a part of Theo- 
rem [2TTJ In Section HI we describe the core of product system C*-algebras over This 
is a higher-rank version of a part of Theorem 12.11 In Section [5j we recall the definition 
of topological higher rank graphs and associated C*-algebras, and we give the notion of 
aperiodic condition in Definition 15.101 Finally we show Cuntz-Krieger type uniqueness 
theorem under this aperiodic condition. 

2. Notation and background 

In this section, we recall Katsura's Cuntz-Pimsner algebras and Sims- Yeend's product 
system C*-algebras. 
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2.1. Lattice ordered group N® fc . We denote the set of natural numbers by N = 
{0, 1, 2, • ■ • } and the integers by Z. We denote by T the group consisting of complex num- 
bers whose absolute values are 1. Given a (semi)group P with identity and 1 < k < oo, 
we denote the direct sum of P by P® k = ® k =1 P, the direct product of P by P k = U k =1 P, 
which have natural (semi)group structure. We consider M® fc as an additive semigroup 
with identity 0. For 1 < k < oo, e±, • • • , are standard generators of N ffifc . We write 
the 7-th coordinate of m G N efc by muy For m, n G N efc , we say m < n if nu\ — mu\ is 
a non-negative number for all 1 < % < k. Otherwise we write m ^ n. We say m < n if 
m < n and m ^ n. Then N® k is a lattice ordered group with a least upper bound m V n 
by (m V n)(j) = max{m(j),n(i)} for 1 < % < k. For m, n G N efc , define m A n G N® fc by 
(m A n)(j) = min{m(i), ri(j)}. 

2.2. Hilbert C*-bimodules. Next we shall recall the notion of Hilbert A-bimodules. 
Let A be a C*-algebra and F be a right-Hilbert A-module with a right A-action F x 
A 9 (£, a) i — )> £a G F and an A-valued inner product (•, -)y. We denote by C(Y) the 
C*-algebra of the adjointable operators on Y. Given £,77 G F, the rank-one operator 
0£ j7J G £(F) is defined by %,?(C) — ^(ViOy for £ G F. The closure of the linear span 
of rank-one operators is denoted by /C(F). We say that Y is a Hilbert A-bimodule if 
y is a right-Hilbert A-module with a homomorphism : A — > C(Y). Then we can 
define a left A-action on Y by a£ = 0(a)£ for a G A and £ G Y. We can see A itself 
is a Hilbert A-bimodule with the multiplication from both sides. If we emphasize this 
bimodule structure, we denote it by aAa- Let L : A 3 a i — > L a G JC(aAa) be a left 
multiplication. Remark that C(aAa) is the multiplier C*-algebra of A and /C(aAa) = A. 
For 5 G /C^A^), there is a unique a G A so that S = L a . 

Let A, B are C*-algebras. Let Y be a right-Hilbert A-module and Y' be a right-Hilbert 
5-module. Let : A — > £(F') be a left action of Y' . A balanced tensor product Y <8>^F' 
is a vector space spanned by £ <g> 77 subject to £a (g> 77 = £ (g> 0(a)7? for a G A, £ G F, 
77 G F'. F cg)^ F' is also a right-Hilbert _B-module: a right _B-action (£ eg) 77)6 = £ Cg> (776) 
and a 5-valued inner product (£1 ® 771,62 <8> ^y^^v = (^1, 0((£i, 6)y') r ?2)y- Similarly, 
if F is a Hilbert A-bimodule, then F (g)^ F' has a left A-action. In particular, F and Y' 
are Hilbert A-bimodules, then F (g^ F' is a Hilbert A-bimodule. For 5 G £(F), we shall 
define S (g^, ly G £(F (g^ F') so that (S* (g^, ly)(£ ® ^) = S£ <g 77 • If we do not need the 
form of a left action 0, then we write F (gu F', 5 (8,4 1 for F (g^, F', 5 (g^ 1. 

2.3. Cuntz-Pimsner covariances and Cuntz-Pimsner algebras. We recall the def- 
inition of Cuntz-Pimsner algebras. We follow Katsura's definition. For a Hilbert A- 
bimodule X and n G N with a left action : A — > C(X), we define a right-Hilbert 
A-module X® n by X®° = A, X® 1 = X, and X®( n+1 ) = X ® A X® n for n > 1. We denote 
the A-valued inner product of X® n by (•, -) A . Then X® n is a Hilbert A-bimodule with a 
left action n : A — >■ £(X 0n ) where (j>o(a) = L a , <f>i(a) = 0(a) and n+ i(a) = 0(a)<glx®« 
for n > 1 and a G A. Let X be a Hilbert A-bimodule with a left action and -B be a 
C*-algebra. A pair consisting of a *-homomorphism 7r : A — s> and a linear map 
t : X — > B is a representation of X to -B if it satisfies t(C,)*t(r]) = 7r((£, 77)) for £,77 G X 
and 7r(a)t(£) = t(0(a)£) for a G A, 77 G X. We denote by C*{-K,t) the C*-algebra gener- 
ated by the image of 7r and t in _B. For a representation (7r, t), we set t — ir, t\ — t, and 
for n = 2, 3, • • • , we define a linear map t n : X' 8 '"' — > B by t n (£ (g) 77) = t(£)t n _i(7?) for 
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£ G X, 1] G X® n . Then (7r,t n ) is a representation of X® n and 

C*(7T,t) =sm{tn(Otm(vT I £ e X®", T) G X^ m , n, m G N}. 

For a representation (n,t) of a Hilbert A-bimodule X, we define a *-homomorphism 
t (n) . £(x® n ) — ► C*(7r,t) by t< n >(0£,„) = t n (£)t n (ri)*. Define an ideal J x of A by 
J x = 0-!(/C(X)) n (ker^ = {a G i|0(a) G /C(X) and a& = for all b G ker0}. A 
representation (it, t) is said to be Cuntz-Pimsner covariant if we have n(a) = t^'((j)(a)) 
for a G Jx- We denote the universal Cuntz-Pimsner covariant representation by (irxjtx)- 
We define the C*-algebra O x by O x = C*(vr x ,t x ). 

For a representation (ir,t), define C*(7r, t) corc = spEn{t n (^)t n (r])* \ n G N, £, 77 G X®"}. 
The C*-subalgebra C*(7r,t) core of C*(vr,t) is called the core of C*(vr,t). For n G N, we 
define a C*-subalgebra C' n of £(X® n ) by C' n = spfm{S p ® A l n - p \ S p G 1C(X P ), < p < n} 
where l q = l x m for q G N. For n < m, we define a map : JC(X® n ) — ► £(X® m ) by 
f mn (x) = x ®a lm-n- If we assume is injective, so is j' mn . For each n G N, we define 
a correspondence 4^ : C' n — ► C*(vr, t) corc by /4 ff,t) (E p <^p ®a ln- P ) = E P <n * (p) (<%,)■ 
We do not know whether Kn' 1 '*' 1 is well-defined or not a priori. But in [131 Proposition 
3.11], Pimsner showed that k^' 4 ' is well-defined for each n G N if and only if (tt, t) is a 
Cuntz-Pimsner covariant representation (see also [H Corollary 4.8]). 

Theorem 2.1 (Pimsner). Let X be a Hilbert A-bimodule with an injective left action 
(f) and (it, t) be a representation. Then (tt, t) is a Cuntz-Pimsner covariant representation 
if and only if for each n G N, well-defined *-homomorphism. Moreover if 71 is 

injective, then so is k}?^ and 

K /Kt) ;= u^K'fat) : \jj^C' n — > C*(7r,t) core 

nGN n€N 

is isometry. 

The aim of Section [3] and Section H] in this paper is to show that Sims-Yeend's definition 
of covariances of a product system C*-algebra can be seen a variant of the well-definedness 
of Kn'^ and to establish an extension of Theorem 12.11 

2.4. Cuntz-Nica-Pimsner covariances and Cuntz-Nica-Pimsner C*-algebras. In 

this paper we treat product system C*-algebras over N® fc , so we consult [18] for product 
system C*-algebras over general quasi-lattice ordered groups. Let A be a C*-algebra. 
A product system X over N® fc of Hilbert A-bimodules is a semigroup with an operation 
X x X 3 (£, rf) 1 — > £77 G X fibred by N® fc so that each fibre X n is a Hilbert A-bimodule 
with an A-valued inner product (•, -)\ and a left action <f> n such that (1) the identity 
fibre X is equal to the bimodule a-^-a] (2) for each m, n G N® fc \ {0}, the bilinear map 
M m>n : X m ® A X n — > X m+n so that M mj „(£ <g> 77) = is isomorphic ; (3) for a G A, 
£ G X n , a£ and £a coincide with the left action and right action on X n respectively. 

Let B be a C*-algebra and X be a product system over N® fe . Let ip : X — > B is a map 
and ip n — ^X-n for n G N® fc . We say ^ is a representation of X to -B if (1) for each n G N® fc , 
(ipoirfn) is a representation of a Hilbert A-bimodule X n ; (2) ipmiO^niv) = ^Pm+ni^v) f° r 
m,n G N® fc and £ G X m , 77 G X n . Define ip^ : /C(X n ) — > B by ^fe) = ^(OV'nfa)*- 
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Next, let us recall the notion of a Nica covariance. For S G K.(X n ) and n < m G N® fc , 
define a *-homomorphism : K,(X n ) — > C(X m ) by 

{M njm _ n o (S ®a l m -n) o M~^_ n if < n < m 
4> m (a) if n = 0, 5 = L a G /C(X ) for some a £ A 

S if m = n 

where l p := ly for p G N® fc . We say that X is compactly aligned if for all m,n G 
N® fc , S x G /C(X m ) and S 2 G K(X n ), we have C Vn (^i)C Vn (^) G /C(X mV „). When a 
product system X is compactly aligned, we say that ip is a iVzca covariant representation 
if for all m,n G N® fc , Si G /C(X m ) and S 2 G K(X n ), the equation ^ (m) (Si)^ (n) (S 2 ) = 
^ (mVn »(C Vn (Si)C Vn (S 2 )) holds. For a Nica covariance ip : X — > B, define C*(V>) = 
span{if>miOil>M*\rn,n G N® fc ,£ G X m ,r/ G X n } and C*(^) core = span{^ n (C)^n(^)*k e 
N® fc ,£,r/ G X n }. We call C*(^) core the core of C*{ip). By [3, Proposition 5.10], if X 
is compactly aligned, then C*{jp) and C*(-?/>) core are C*-subalgebras of B. In [3], it is 
shown that there exist a C*-algebra 7^ ov (X) and a Nica covariant representation ix of 
X to 7^ ov (X) which is the universal one in the sense that (1) % ov (X) is generated by 
0x(0l£ ^ (2) if V 1 i s an y Nica covariant representation of X to a C*-algebra B then 
there is a unique homomorphism ^* : T cov (X) — > B such that ip*oix = ?p- 

Let us recall the notion of a Cuntz-Nica-Pimsner covariant representation. For a right- 
Hilbert A-module Y and an ideal I of A, set Y7 = {£ G F | e /}. For n G N® fc , 

define an ideal of A by 

A if 7i = 

n 0<m <n ker< / ) rr l if 71 ^ 0. 

For p, n G N® fc with p < n, define a *-homomorphism 7p : /C(X p ) — © <„< n C(X q I n ^ g ) 
by 

^(^) = (Wk/-,) © (0U ? / n _ 9 ) G C{X q I n _ q ) 

p<q<n 0<q<n,p^q 0<q<n 

We say that a statement P(q) indexed by q G N® fc is true /or /arge q if for every n G N® fc , 
there exists m G N® fc such that n < m and P(<z) holds for m < q. We say that a 
Nica covariant representation ■?/> is a Cuntz-Nica-Pimsner covariant (or CNP- covariant) 
representation if 

y^V^ffp) = whenever F C N® fc is finite, S p G /C(X p ) for each p E F, and 

pG-F 

^^(S p ) = for large q. 

Let be the universal Nica covariant representation and denote by I an ideal of % ov (X) 
generated by 

{J2^ P) ( S p}\ F C N ® fc is finite ' S p e K ^ for each p G F ' and 

^(S p )=0for large g}. 

peF 

Define MOx = %ov{X)/I and let gx be the quotient map qx '■ % ov (X) — > MOx- 

We call MOx the Cuntz-Nica-Pimsner algebra of X. Let jx '■ X — > MOx be the 



composition map jx = qx ^x- Then jx is the universal CNP-representation in the sense 
that if ip : X — > B is a CNP-covariant representation of X, then there is a unique 
homomorphism Hip : AfOx — > B such that ip = Uip jx- If we assume a product system 
X is fibred by N® fc , then it was shown in [18] that jx is injective. We shall rewrite these 
definitions in the style of Theorem 12.11 
For any n E N® fc , set 

C n = span{^(S p ) | < p < n, S p E K{X P )} C C(X p I n _ p ). 

0<p<n 

Then the multiplication is closed in C n since 7%(S p )l%(S q ) = 7J V (L p ^ /q (S p ) L^ q (S q )) . 
Proposition 2.2. For each n E N® fc , C n is a C* -subalgebra of o<?3<n C(X p I n - p ). 

Proof. For a finite subset F C N® fc , define B F = span(^(S p ) \p E F, S p E K,(X P )}. 

For p,q E N® fc with p, g < n, we define d(p,q) = Y^i=i\P(i) ~ 9(0 1- Set = {p G 
N® fc | p < n, d(n,p) = i} and F<j = {p G N® fc | p < n, d(n,p) < i}. Then we have 
p\/ q E F<i for p < n and g G F<j. Fix a finite set F C F; and set G = F U F<j_i. 
First we remark that B F<0 = B{ n y = T%(JC(X n )) is a C*-subalgebra of © 0<p<n C(X p I n _ p ). 
Suppose Bq is a C*-subalgebra of © < p<n £(X p I n _ p ). Take p E F{ with p ^ G. Then 
5{p}ug = ^(^PQ) + 5g is a C*-subalgebra of o < p < n C(X p I n ^ p ) because 

T p {K{X p ))B G c B F ^_ 1} c £ G) £ g 7£(/C(JQ) c B f<(i _ 1} c B G . 

Repeating this, we obtain that C n = B< n is a C*-subalgebra of @ 0< p<n C(X p I n _ p ). □ 



3. Katsura's Cuntz-Pimsner covariances and CNP-covariances 

In this section, we consider product systems over N or Hilbert C*-bimodules and as- 
sociated C*-algebras. In this case, we shall show that a representation is Cuntz-Pimsner 
covariant if and only if it is CNP-covariant by a direct approach. This equivalence has 
been shown in [HI Proposition 5.3 (2)] by using gauge-invariant uniqueness theorem. 
However we can show it without using gauge-invariant uniqueness theorem. Moreover we 
give an extension of Theorem 12.11 

We prepare some notations (for detail, see [U Section 2] and [8, Section 1]). Let / be an 
ideal of A and Y be a right-Hilbert /1-module. We denote by Yj the quotient space Y/YI. 
The quotient maps A — > A/ 1 and Y — > Yj are denoted by the same notation [•]/. 
The space Yj has an A/ 1- valued inner product (•, •)y / and a right action of A/ 1 so that 
([£]/, [vWyj = [(Z,v)y]i and [£]j[a] 7 = [£a]j for £, rj E Y and a E A. Since S(YI) C YI 
for S E C(Y), we can define [•]/ : C(Y) — > C{Yi) so that [£]/[£]/ = for £ E Y. 

Lemma 3.1. Let A,B be C*-algebras. Let X be a right-Hilbert A-module, Y be a 
right-Hilbert B-module and <fi : A — > C(Y) be a * -homomorphism. Then we have 
\\S ®</, ly || = || [5]kBr^|| • 

Proof. Let 7r : A — > A/ker<p be the quotient map. Let : A/kei(f) — > C(Y) be an 
injective *-homomorphism such that <fi = <p o tt. We want to define <£> : X (g)^ Y — > 

X ker ^ ®^ Y so that $ [Yh =1 6 ® ffrj = Z)£=i[&]ker4> ® 7fe. We fix elements £i, • • • ,(„Gl 
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and 771, •• • , r) n e Y. Then 

n n 
£[fi]kcr0 ® £[£,'] ker ® ?7j 



i=l 



E^i) 0(([6]ker</>, [Cj]ker^) A/ker^)?^) V 
,3 

n n 

£&® %£&® 



1. j 



4=1 



Hence $ can be extended on the whole Xtg^y and this induces an isomorphism X^^Y = 
Xker<f> ®~$Y ■ Furthermore we have $ o (S 1 <E> ly) = ([5]ker^ £S>t ly) o $. Since 4> is injective, 



we obtain ||S <E></> ly || = \\[S] 



\[S] 



ker 1 



□ 



Lemma 3.2. Let I be an ideal of A and X be a right-Hilbert A-module. If S £ C(X) 
satisfies [S]i = and S\xi = 0, then S = 0. 

Proof. [S]i = implies (£, 577) e / for any £, 77 e X. For an approximate unit {h\}\ of /, 
we have (£, S77) = lim A (£, Sr])h\ = iim A (£, S(r]h\)) = since we assume S^x/ = 0. □ 

Proposition 3.3. Let X be a product system over N. For n < in G N, define j m ^ n : 
C n — ► C m by 

p<71 P<W 

Tien j m ,n is a well-defined injective *-homomorphism. 
Proof. We enough to show for m = n + 1. For q < n, 



p<n P<ro 



q-ln+l — q 



since I n+ \- q C Moreover 

E # osy = =► # v = °, £ = °- 

„ . ■Anil 



p<?l 



p<n 



p<n 



This implies that j n+ i in is well-defined. 
Next we suppose 



p<n 



p<n 



p<n 



By using Lemma 13.11 we have 



£« 

p<n 



- ker < 



p<n 



A' 



|E^ +1 (^ 

p<n 



0. 



Since 



X]p<n 6 p (^P 



ker 



and Hp<n L p( S p)\x^h = 0, we have E p <„^( 5 p) = by 



p<n p 1 



using Lemma l3~2l Therefore we obtain ^2 p<n ^{S p ) = 0. 
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Remark 3.4. For a product system X over N® fc with k > 2, j mjn is not well-defined in 
general. This happens because, for example, 



t 



p e2 {S p )\ Xn _ e2 i e2 - =>• t£ 62+61 (S'p)|x n _ e2+ei / e2 - 



does not hold for e 2 < n, p < n and S p E /C(X p ). 

Let ip be a representation of a product system X over N. For n E N, we define a 
correspondence /cjj : C n — )• C*(-^) corc by 



We say a representation (7r, t) of a Hilbert A-bimodule X is CNP-covariant if the rep- 
resentation from (n,t) of the product system over N defined from X is CNP-covariant. 

Proposition 3.5. Let X be a Hilbert A-bimodule with a left action <fi. Then (n,t) 

is a CNP-covariant representation if and only if for any n E N, Kn'^ is a well-defined 
*-homomorphism . 

Proof. Let (n,t) be a CNP-covariant representation. Suppose z\2 p < n ^p(^p) = ® where 
S p E JC(Xp) for < p < n. Then for any m E N ek with n < m, we have 

Since (7r, t) is CNP-covariant, we get ^2 p<n t^ '(S p ) = 0. Hence K n is well-defined. 

Conversely, we assume that for each n E N, well-defined *-homomorphism. 

Then for any finite set F C N and we suppose J2 P eF^p(^p) = ® f° r l ar S e 9- Set n = VF. 
Then there exists n E N such that n < n and EpeF^pl^p) = 0- ^ we P u ^ = 
for p ^ F with p < n, then we have Ep< n ^(<Sp) = 0. Since we assume that Kn'^ is 
well-defined, we obtain J2peF t(p) ( S P ) = °- ~ D 

Lemma 3.6. Let X be a Hilbert A-bimodule with a left action <fi and (ir,t) be a Cuntz- 
Pimsner representation. For any S E K(X® n J x ), we have t (n \S) = t (n+1) (S ® A 1). 

Proof. We enough to show for S = 6^ a ,ri where £,r] E X® n and a E Jx- First, if we 
represent 0(a) = Yl'jLi ( m ^ ne sense °f norm convergence) for any a E 0~ 1 (/C(X)), 
then we can check 

oo 
i=l 

for any E X® n . For a E J x , 

oo oo 



i=l i=l 



= t n (0t m (<f>(a))t n ( V )* = t n (£Ma)t n (ri)* = t n (ta)t n ( V y = *W (%,,„). 

□ 

Lemma 3.7. Let X be a Hilbert A-bimodule with a left action and n E N. Suppose 
S E C(X® n ) satisfies S <g> A 1 e /C(X®( n+1 )) and 5| x ®n ker ^ = 0, then S E K{X® n J x ). 



X® m ker0 



n—1 n—1 



Proof. We enough to show (£, £77)^ G Jx for £, 77 G x® n . From the assumption S 1 <8u 1 G 
/C(X®(" +1 )), we have (£, Sr?)^ G 0- x (/C(X)) for £, 77 G X® n . For any 6 G ker0, 

(Z,Sr}) n A b=(Z,S(r,b)) n A = 

since Slx^ker^. = 0. This says that (£,Sr}) A G (ker^)- 1 . Hence we obtain (t;,Sri) A G 

Proposition 3.8. Let X be a Hilbert A-bimodule with a left action <p and (ir,t) be 
a representation of X. Then (vr,t) is Cuntz-Pimsner covariant if and only if (TT,t) is 
CNP- covariant . 

Proof. In [IB] , it has shown that if (ir,t) is CNP-covariant, then this is Cuntz-Pimsner 
covariant. Conversely, we suppose that (ir,t) is Cuntz-Pimsner covariant. We have to 
show that z~2 P <n^p(^p) = ® implies z\2 p < n ^ ( 3 p) = ^- We can suppose 5*0 — L a for some 
a £ A. The equation z~2 P < n '^p(^p) = ® implies a G (ker^) -1 and the following equations: 

Umifl) + V = (1 < m < n - 1), 0„(a) + V £(S P ) = 0. 

V ' * / X® m ker </> ' * 

Since 

(^i(a) +X/r x (^)) ®^ 1 = + Z/W) = G /c ( x0n ) 
p=i p=i 

and U n _i(a) + l^~ 1 {S p )) = 0, we get 

n-1 

0n-i(a) + E^" 1 ^) G ^(^ 0(n_1) ^) 
p=i 

by using Lemma [3.71 Repeating this inductively, for 1 < m < n — 1, we obtain 

S m := <f> m {a) + £( 3 p) e nX® m Jx) 
p=i 

and a G Jx- Since we assume that (77, t) is Cuntz-Pimsner covariant, for S\ G JC(XJx), 

7T(o) + t (1) (5i) = t (1) (^) = t (2) (^ ® A 1). 

In the last part, we used Lemma 13.61 Since S 2 = Si ® A 1 + S 2 G IC(X® 2 J X ), we get 
7r(a)+tW(5'i)+^(»5 2 ) = t (2) (5 2 ) = ^(5 3 ®a1) by the similar way as above. Repeating 
this, we get tt(o) + Ei< P < n -i ^(Sp) = t(n) (^n-i ®a 1). Since S n _i ® A 1 + S n = 0, we 
conclude Vo(a) + Ei< P <„ * {p) O^) = 0. □ 
From Proposition 13.51 and Proposition 13.8} we get the following statement. 

Theorem 3.9. Let (ir, t) be a representation of a Hilbert A-bimodule. Then the following 
statement is equivalent: 

(1) (tt, t) is Cuntz-Pimsner covariant; 

(2) Kn' tS> is well-defined *-homomorphism for each n G N; 

(3) (n,t) is CNP-representation. 
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Theorem 3.10. Let X be a Hilbert A-bimodule and (n, t) be a Cuntz-Pimsner covariant. 
Then if it is injective, then so is Kn for any n G N. Moreover 

:= lim/^ : lhnL7 n — -> C*(7r,t) corc 

neN ngN 

is isometry. 

Proof. The injectivity will be proved in Proposition 14.61 We can easily check that /ct''' o 
jm,n = Km for n < m G N. Hence we have done. □ 

Remark 3.11. We shall note that our explicit form of the core will be very useful to study 
the properties of the core and Cuntz-Pimsner algebras, relations to dynamical system. 
On the other hand, in [6j Proposition 4.4] and [7J Proposition 6.3], Katsura showed our 
Corollary 14.111 for Cuntz-Pimsner algebras. However, Katsura did not give an explicit 
form of the core like Theorem 12.11 or Theorem 13.101 Instead, he used exact sequences of 
subalgebras of the core and five-lemma. 



4. On the core of Cuntz-Nica-Pimsner algebras 

In this section, we give an explicit form of the core of Cuntz-Nica-Pimsner algebras of 
product systems over N® fc . This is a higher-rank version of Theorem 12.11 More precisely, 
for an injective CNP-covariant representation if> of a product system X over we shall 
describe the core C*(if)) covc of C*(ip) as an inductive limit C*-algebra without using a 
representation if). This means that the structure of the core is independent of the choice 
of injective CNP-covariant representations. We note that Lemma T4.3I and Proposition 14.61 
were also proved in [21 Section 3], however for the sake of completeness, we give proofs. 

Definition 4.1. For n G N efc , we define a C*-algebra by 

Cn={(j2m s p)) s el[C q \p<n, S p elC(X p )}. 

k \ ' * / {q:n<q\ 7~ ' ■> 

For n < m, define a *-homomorphism j m n : C n — > C m by 



V—" / {q:n<q}/ \'— d 

p<n PS: n 



{q-m<q} 



We will show that j m ^ n is injective in Corollary 14.91 
Definition 4.2. Define k% : C n — > C*{ip) core by 

nt : C n 3 C£V p (S P )) i x — ► ^^ (P) (5 P ) G C7*(^) core . 

/ {q:n<q} 
p<n P<n 

Then is well-defined by the notion of the CNP-covariant representation. If if} is 
injective, then so is 

Lemma 4.3. Let X be a compactly aligned product system of Hilbert A-bimodules over 
and if) be a Nica covariant representation of X . Take n,m G N® k such that m ^ n. 
For £ G X m and rj G X n /( mVn )- n , we have i> m (Q*'ipn(r)) = °- 
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Proof. For any £1, £ 2 G X m , 771 G X n / (mV n)-n, ??2 G X n , 

^(6)^(6)*^(m)^(%)* = V> (ro) (%,a)V> (n) (0 m ,^) = ^ (mVn) (C Vn (%, ?1 )C Vn (^,, 2 )). 

Since 7ft G X n I {myn) _ n and (mVn)-ti/0, C ^(Atji.fpXCiCa) = (^1(^2, Ci)a)C2 holds for 
Ci e -X™ C2 e X (mV n)-n- Hence L™ Wn {0 Vl , m ) = 0. This implies ^ rR (6)Vv»(&)*^n(*7i)V , nfaj)* 
0. Moreover for any £ 3 G X m and 7/3 G X n , 

= M&YM&MZiYMriMmYMm) = <U6(6, ^aYMvi (mM) 

holds. Since the linear span of elements in the form ^1(^2, £3) is dense in any right-Hilbert 
module, we finished. □ 

Lemma 4.4. Let X be a compactly aligned product system of Hilbert A-bimodules over 
and ip be a Nica covariant representation of X . For < m < n, < p < n with 
p^m, S G K(X P ), e X m I n _ m , we have = 0. 

Proof. This follows from ift m (fiiY' l l ; i^mm 

(V11V2 ^ -^p) by Lemma 14731 □ 

Lemma 4.5. Let X be a product system of Hilbert A-bimodules over N® fc , and ip be 
a representation of X. Suppose p < m in N® fc . Then we have V m (£i)*^ (p) ' (5)^(6) = 

Proof. 

□ 

Proposition 4.6. Let X be a compactly aligned product system of Hilbert A-bimodules 
over N® fc , and ip be a Nica covariant representation of X. Fix n G N® fc . For I < m G N® fc 
with n < m, £i, £2 G X\l m _i, we have 



^i(eir(E^ (p) (^))V'»(6)=^(<e 1 , E iow) 

p<n P<«., P<' 



wnere 5 P G /C(X p ) for eacn < p < n. In particular, if ip is injective and ^ p<n ip^(Sp) 
0, then we have Ep^^T^p) = for all n < m. 

Proof. By Lemma 14.41 and I4.5[ we get 

p<n p<m Pl^n,p<l 

for Z G N® fc with / < m and ^1,^2 G X// m _/. If we suppose that ^ is injective and 

Ep< n V' (p) ( 5 p) = 0, then we have (fi, E P <„, P <i ^p^)!* = 0. This implies E P <n )P <i 4(^)1^ 
0. □ 

From the previous proposition, we obtain the following corollary. 

Corollary 4.7. Let X be a compactly aligned product system of Hilbert A-bimodules over 
N® fc , and if) be an injective CNP-covariant representation of X . Then for each n G N® fc 
tie *-homomorphism : C n — > C*(ip) core is injective. 
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Proposition 4.8. Let X be a compactly aligned product system of Hilbert A-bimodules 
over N® fc . Take S p G JC(X P ) for p < n. Then we have 

EW) =0 =^Ew =0 

p<n P<n 

for m G N® fe with n < in. 

Proof. We enough to show for m = n + e^. Suppose 

p<n 



Then we have J2 P < n L p( S p)\ 

X n ker <f> ej 

says that Y^ P <n L p(^p) ^ = °- % Lemma EZQ we get 



and Ep<n l J) +Cl (^) = 0- The latter equation 

E P <„^)1. , =0. By 
Lemma l3~2| we obtain J2 P < n L p(Sp) = 0- Next, for m < n, we shall show 



ker < 



p<m 



0. 



Thanks to [T8l Lemma 3.15], n _ m+e 
injective. So we shall prove 

(£W) 

To prove this, we shall show 



~n-m+ei 



• A * ©0<<?<n+m-ej £(X q L, 



n—m+ei—q y 



IS 



m, 1 n — m 



(£ W) 



for q < n — m + Ci. We shall consider the following three cases for q. 

Case.l q ^ and q <n — m: Since X m I n _ m X q I( n _ m+e ^_ q = {0} by the definition 

of I n -m, we have 

(E W) 

p<m 

Case. 2 q = 0: Remark that X m I n _ m (g)^, D J n _ m+ei = X m / n _ m+ei and we now assume 



b q ^-Xql( n _ m+e .- ) _ q 0. 



E 

p<m, 



X T ri In — m + e.j 



From these, we obtain 



X m L 



t>0 *-In-m+ej ^- 



Case. 3 q ^ and q n — m: Fix £ G X m J n _ m and 77 G X q I n - m+ei . Then we have 

G X m + g/ n 



q ± n—m+ei 



and 



E w)i = E CtoXfr) = 

p<m p<m 

by the assumption. Hence we have X]p<m '-p 1 ® 77 = 0. Hence we have done for this 



case. 



Combining the all cases, we get S P <n^p(^'p) = 0- 



□ 
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Corollary 4.9. Let X be a compactly aligned product system of Hilbert A-bimodules 
over N® fc . For n < m G N® fc , j m , n is infective. 

Hence we can consider an inductive limit C*-algebra 

lim C n = lini (C n ,j m ,n)- 

We have the structure of the core of a C*-algebra C*(ip) for a CNP-representation i[) of 
a compactly aligned product system over M efc . 

Theorem 4.10. Let X be a compactly aligned product system of Hilbert A-bimodules 
over N ffifc , and ip be an injective CNP-covariant representation of X. Then 

:= lim ^ : lim C n — > C*(^) core 

is isometry. 

Proof. Since we assume t/> is an injective CNP-covariant representation, is injective by 
Corollary I4.71 We can check easily 'kf n o j m n = k% for n < m in N® fc . Hence we obtain 
this theorem. □ 

Let X be a product system of Hilbert A-bimodules over N® fc . For the universal CNP- 
covariant representation jx '■ X — > NOx, there is an action 7 of T fc = Z® fc such that 
7z(jx{Q) — z n jx(0 f° r £ G -Xn by the universality Then 7 is strongly contiunuous and 
we can define a linear map by 

E(x) = / 7 z (x)dz 

for x G NOx, where dz is the normalized Haar measure. Then we have E(ip n (^)if) m (n)*) = 
^n,m4'n{0' l l J m{v)* f° r £ -^n> ^ £ -^m- Hence E is a faithful conditional expectation onto 
C*(jx) core - Using this conditional expectation, we can easily check that the core C*(jx) COTC 
coincides with the fixed point algebra MO\. 

Corollary 4.11. Let X be a compactly aligned product system of Hilbert A-bimodules 
over N® fc . Let ip be an injective CNP-covariant representation. Then the restriction of 
the surjection Hip : AfOx — > C* (VO to the Gxed point algebra MO\ is injective. 

Proof. Since the universal CNP-covariant representation jx is injective, we get this corol- 
lary by Theorem 14.101 □ 

5. Cuntz-Krieger type uniqueness theorem for topological higher-rank 

graph c*- algebras 

In this section, we investigate product system C*-algebras associated with topological 
higher-rank graphs. In particular, we shall prove Cuntz-Krieger type uniqueness theorem 
for compactly aligned topological fc-graph in the sense of Yeend ([20], [21]) under certain 
aperiodic condition. We also refer to [2j Section 5]. In the case that A is row-finite without 
sources, it has done in [TSJ Section 3]. 

First, we set up the notations. For a locally compact (Hausdorff) space Q, we denote 
by C(O) the linear space of all continuous functions on Q. We define C c (0), C (O), C&(f2) 
by those of compactly supported functions, functions vanishing at infinity, and bounded 
functions, respectively. 
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We say that (A, d) is a topological k-graph if (1) a small category A which has a locally 
compact topology; (2) the range map r and the source map s are continuous and the 
source map s is locally homeomorphic; (3) the composition map of A is continuous and 
open; (4) the degree map d : N® fc — > A is continuous where we endow N® fc with the 
discrete topology; (5) for all A G A and m, n G N® fc such that d(X) = m + n, there exists 
unique [/,, v G A such that d{p) = m, d(u) = n, and A = \iv. By the property (5) of A, 
for < n < m < I in N® fc and A G A z , there are unique A(0,n) G A n , A(n, m) G A m_n 
and A(m,Z) G A'" m such that A = A(0, n)A(n, m)A(m, I). Define Seg{ njm) : A' — ► A m ~ n 
by Seg[ n m) (A) = A(n,m). 

For m G N® fc , we define A m = <i _1 ({m}) and r m = t|a™, s m = s\\m. For [/, V C A, we 
write UV = {A/i | A G E7, /i G V, s(A) = r(/z)}. For (JcA m ,Vc A n , define 

[/VV = f/A mVn_m n VA mVn ~ n . 

Next we shall construct a product system over M® fc from a topological &;-graph A. 
Set A = C (A ) and for n G N® fe , let X n be the Hilbert A-bimodule associated to the 
topological graph (A , A™, r\\n, s\\n) in the sense of Katsura [6j Definition 2.1]. X n is the 
completion of the pre Hilbert A-bimodule A^ pt := C c (A n ) with 

(£,v)l(v)= E^W' (fl#)(A) = a(r(A))£(A)&(a(A)) 
AgA n i> 

for n G N® fc , a, 6 G A, f , 77 G X^ pt v G A and A G A n . Then X = U ngNffifc X n is a product 
system over N® fe (see [2J Proposition 5.9]). 

We say a topological fc-graph A is compactly aligned if U V V is compact whenever U 
and V are compact. In [2, Proposition 5.15], it is shown that a topological fc-graph A is 
compactly aligned if and only if the product system arising from A is compactly aligned. 

Next we define some terms for convenience. 

Definition 5.1. Given finitely many functions £1, • • • ,£l,Vii'''Vl of C c (A m ), we say 
r]i)}f =1 is a pair of orthogonal functions for degree m if for any % = 1, • • • ,L, 
^(A)^(A') = for s(A) = s(A') and A ^ A'. For a set Q C A m and m, • • • ,u L G C c (A m ), 
{uj}^! is a partition of unity for f2 if satisfies < Uf < 1, M ?(A) = 1 for A 6 fi, and 
the restriction of s m to the support supp(wj) of Ui is injective. In partcular, {(ui,Ui)}f =1 
is an pair of orthogonal functions. 

Lemma 5.2. Let A be a topological k-graph and X be the product system arising from 
A. 

(1) For £ G C c (A m ), there exists a partition of unity {ui}^ =1 for the compact support 
supp(f) off. 

(2) if £ € X m and {i^}^ is a partition of unity for the support supp(f) of f, then 

Proof. (1) Take f G C c (A m ). Since s is a local homeomorphism, for each A G A m there 
exists an relative compact open neighborhood U\ of A such that the restriction of s m 
to U\ is injective. Since supp(f) is compact, we can find Ai, • • • ,Xl G A m such that 
supp(f) C U^l 1 f r A i . Take functions Vi, • ■ ■ ,Vl satisfying < Vi < 1, supp(fj) C U\ t for 
each 1 < i < L, and Ylf=i v iW = 1 for all A G supp(f). Set Ui := v l J 2 . Then {wj}^ is a 
partition of unity for supp(f). 
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(2) Take £ G X m and a partition of unity {ui}f =1 for supp(£). For A G A m , 

L L L 

(£ta«i,o)(A) = £«*(*)( E «i(A*)e(A*))=E u *( A ) a ^ A )=^ A )- 

i=l i=l s(/i)=s(A) i=l 

□ 

Lemma 5.3. Let A be a topological k-graph and X be the product system arising from 
A, and ip be a representation of X . Let {ui}f =1 be a partition of unity for the support 
supp(£) of £ G X n . Then 

L 
i=l 

for all elements x of the relative commutant algebra i/jq(A)' fl C*(i(j). 
Proof. For x G if> Q (A)' fl C*(iff), 

L L L 

^ ip n (ui)x^ n (ui)*ij; n (^) = J~] i; n {ui)x^Q{{uj, £)) = J~] ip n (ui)^o({ui, g))x 

i=l i=l i=l 

L 



1p n (^2ui(Ui,£})x. 



i=l 

Since {ui}f =1 is a partition of unity for supp(£), we obtain Y^i=i u i{ u i-> = ^ by Lemma 

El " □ 

Let A be a topological fc-graph. For m G N efc , let us define an injective *-homomorphism 
7i m : C b {A m ) — ► £(X m ) by 

Kn(Q)0(A) = Q(A)£(A), Q G C fe (A m ), A G A m . 
The following lemma is proved by Katsura ([SI Lemma 1.16, 1.17]) 

Lemma 5.4. Let A be a topological k-graph. For each m G N, the image 7r m (Co(A m )) of 
C (A m ) is included in the C*-algebra K.(X m ). Given Q G C c (A m ), there exists a pair of 
orthogonal functions {(CiiVi)}i=i sucn that 

L L 

Q = ^2^iWu and 7r m (Q) = 

i=i i=i 

Lemma 5.5. Let A be a topological k-graph and X be the product system arising from 
A. Let if) be a representation of X . Set ^ = ^ {m) o n m : C (A m ) — y C*(if>). Then, for 
any Q G C (A m ), we have <fit(Q) e V>oW n C*{i/>). 

Proof. For a G A and S G JC{X m ), we can show ip (a)ip im) (S) = ^ m \<p m (a)S) (see 
Lemma 2.4]). For Q G C (A m ), we get 

Ma)<pt(Q) = Ma)^ im) MQ)) = ^ (m) (0 m (a)7r m (g)) = ^ m) (n m (Q)<f>M) = <pt(Q)Ma)- 

□ 

ForQi G C b (A m ), Q 2 G C b (A n ), define a function Qx®Q 2 G C b (A m+n ) by (Qi®Q 2 )(A) = 
Qi(A(0, m))Q 2 (\(m, m + n)) for A G A m+n . 
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Lemma 5.6. Let A be a topological k-graph and X be the product system arising from 
A. Let ip be a representation of X. Let Ui)}f =1 be a pair of orthogonal functions for 
degree m. Then for Q G Co(A n ), we have 

L L 

1=1 1=1 

Proof. It is enough to show for Q G C c (A m ). By Lemma [5. 4[ there is a pair of orthogonal 

functions {(£j,Vj)}jii sucn that Q = J2j=i£jVj- Then {(ui<3€jiUi®7)j)}i<i<L,i<j<M is a 
pair of orthogonal functions for degree m + n and 

L 

i=l y 



C^2{ui®^j){ui®r]j)) 



L 
i=l 

□ 



Using the lemmas above, we obtain the following. 

Lemma 5.7. Let A be a topological k-graph and X be the product system arising from 
A. Let ip be a representation of X . Let {ui}f =1 be a partition of unity for the support 
supp(£) of £ G X m and Q G Co(A n ). Tien we have 

L 

1=1 

Next, we introduce aperiodic condition which is used in Cuntz-Krieger type theorem. 
For A G A and p, q G N® fc such that p < g, there exists uniquely A(p, g) G A p_<? such that 
A = Xi\(p,q)X 2 where Ai G A p and A G A n_9 . For m G (N U {oo}) fc , define a (discrete) 
topological fc-graph flk,m by 

= {(P, q) e x N efc I p < g < m}, r(p, g) = p, s(p, g) = g 
and d(p, q) = q — p. We denote S]J ra = {|)G | p < m}. 

Definition 5.8. Let A be a topological fc-graph and m G (NU{oo}) fc . We say a morphism 
a : Qk, m — > A is a boundary path if a{n)A ei = for n G N® fc with = m^y Let us 
define d(a) = m for a boundary path a and A-°° be the set of boundary paths. For 
V C A , we define VA^°° = {a G A^°° | a(0) G V}. 

Lemma 5.9. For 1 < k < oo, t>A-°° is non-empty. 

Proof. For the case 1 < k < oo, for any v G A , we can show that vA-°° is not empty 
by the same way of [HI Lemma 2.11]. But we remark that the method of [161 Lemma 
2.11] can not be applied for the case k = oo. For m < n, define a surjective map 
7r mjn : vA^ n — > ^ m by 

A(0,m) if m < d(A) 
A(0,m') otherwise 
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7Tm,n(A) 



where m' is defined by (W)(0 = if uiq) < d(X)(i) and otherwise (m')^ = d(X)(i). We 
can check 7i m ^ n is surjective. Then 

vA-°° 3 a i — !► {a(0,0}ieN®-,i<d( a ) € lim (>A- n , 7T TO) „) 

nGN© 00 

is bijective. By [TJ Proposition 5, p. 198], j^5 n6Nffioo (vA- n , 7r m>n ) is non-empty □ 

For p < a p a, define a p : A-°° — > A-°° so that (a p a)(m, n) = a(m + p,n + p) for 
m,n G N® fc with m < n < d(a) —p . We shall define aperiodic condition which is slightly 
stronger than [211 Definition 5.1]. 

Definition 5.10. We say A satisfies aperiodic condition if for a non-empty open set V, 
there are v o G and a G f 0A- 00 such that 

(A) p, g G N® fe with p q < d(a) =^ a p (a) ^ a q (a) 

Remark that if d(a) £ N® fe then a p (a) ^ a q (a) means that there is M = M PtQ < 
d(o~ p (a)) A d(o q (a)) such that cn(p,p + M) ^ a(q, q + M). 

First we shall show that aperiodic condition implies with topological freeness which is 
defined in 0, Definition 5.4] when k — 1. We recall the definition of topological freeness. 

Let A be a topological 1-graph. For n > 1, A G vK n v is called a loop and v is called 
a base point of A. A loop A G t> A n t> based at v is said to be without entrances if for 
< in < n — 1, /iGA 1 satisfies r(/i) = r(A(m, m + 1)), then = A(m, m + 1). 

Definition 5.11. Let A be a topological 1-graph. For n > 1, define 

Per n := {t> G A | Every A G wA"f has no entrance.} 

and Per := Uj^Per^. We say A is topologically free if the set of interior points of Per is 
the empty set. 

Proposition 5.12. Let A be a topological 1-graph. Then if A satisfies aperiodic condition, 
then A is topologically free. 

Proof. We assume A satisfies aperiodic condition. For any non-empty open set V of A , 
there are v G V and a G fA-°° such that a satisfies (A). We shall show that for any 
n > 1 and A G v A n v , there is an entrance of A. First we suppose a = Xa. Then we have 
a = XX ■ ■ ■ . But this contradicts to o n a ^ a. So we get a ^ Xa. This says that there 
is a minimal M > such that a(0,M) ^ (Aa)(0, M). If we suppose M < d(X), then 
a(0, d(X)) 7^ A and this says the existence of an entrance of a. Suppose M > d(X). By 
the minimality of M, we have a(0,d(X)) = X and a(d(X),M) ^ A(0, M — d(X)). Hence 
we have shown A has an entrance. □ 

Example 5.13. Let P = {pi,P2, • • • |pi < P2 < • • • } be the set of all prime numbers. For 
each q G P, we define by Z g the g-adic ring. Define Z = YlpeP^p- ^ or n ^ N®°°, we set 
p n = (p" (l) )^ 1 . For each n G N®°°, define the endomorphism a n on C(Z) so that 

f(x/p n ) \ixep n Z = T\Z l {pT ) ^p l ) 
otherwise. 



oc n {f){x) 



Then the Bost-Connes algebra is isomorphic to C(Z) M Q N®°° which was shown in [TU| 
Proposition 32]. 
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For n G N®°°, define A = Z, A n = p n Z. For n G N®°°, x G A™, define r n (x) = x. 
s n (x) = x/p n . From (A , A", r n , s n ), we can construct a topological oo-graph Abc- We 
remark that for each n G N e °°, r n (A n ) is not dense in A . This says that left actions of 
Hilbert bimodules are not injective. 

Let X be the product system arising from A B o Then NOx is isomorphic to the Bost- 
Connes algebra by the universality. In particular, if we set u n := ip n ()-p n z), we have 
u n u m = u n+m and M n ^o(/)< = ip (««(/) )• 

We want to show that Abc satisfies aperiodic condition. Take a G v Af^ 3 . If d(a)m = 
oo, then we have x(0)i = 0. But for each p G P, Z p \ {0} is dense in Z p . Hence we have 
that v G A BC such that every element of vA^? has a finite degree is dense in A BC . This 
implies that A B c satisfies aperiodic condition. 

We prepare a lemma which is due to Renault- Sims- Yeend. We would like to thank 
Aidan Sims who allows us to use it in here. 

Lemma 5.14. Let A be a compactly aligned topological k-graph. Let K be a compact 
subset of A and A G A. If {A} V K = holds, then there is a neighborhood of X such that 
VVK = $. 

Proof. Let us suppose V V K ^ for any neighborhood V of A. Fix a compact neigh- 
borhood Vq of A such that V V K ^ 0. For A G V C V , we can take fj, v G V V K 
and /iy(0, d(A)) G V. Since the net {^v}vcv is in the compact set V V if, we can find 
a subnet {//y$} of {/iy} such that u^. converges to some /i G V V if . Since Seg/ od ( A ^ 
is continuous, we obtain p,(Q,d(X)) = X. Hence we obtain \i G {A} V K, however this 
contradicts {A} V K = 0. □ 

Let X be the product system arising from a compact aligned topological /c-graph A and 
ip be a CNP-covariant representation of X. Define a linear subspace C*(tp) cpt of C*(i/j) 
by 

C*(VO cpt = span^ntOV^rkm G N® fc , £ G X^, 17 G X**}. 

By [6J Lemma 1.6], C*(-^) cpt is dense in C*(V>)- 

Next, we shall show the key proposition in this section. 

Proposition 5.15. Let A be a compactly aligned topological k-graph and X be the 
product system arising from A. Let ip be a CNP-covariant representation. Suppose A 
satisfies aperiodic condition and if} is injective. Take x,xq G C*(tp) cpt such that 

X= ^ V'n il i(&,l)V'n iia (&,2)*, X = ^ ^,1(^,1)^,2(^,2)* 

l<i<L {l<i<i|"i,i='«i,2} 

where G (J = 1,2). Tien for any e > and a; G C*(V>) cp \ there exist bi,b 2 G 

C*(V>) such that H&ill, ||6 2 || < 1, &!x6 2 = blx b 2 and \\x \\ < ||6 1 x6 2 || + e- 

Proof. Set no = V/^=i( n i,i Vn^). Define X = {1 < z < L | n^i = nj j2 } and n« := n^i = nj, 2 
for % G Xo. Then 

ieXo 
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Since we assume ip is injective, k£ is also injective by Corollary 14.71 Hence for any e > 0, 
there is some n > no such that 



e 



Then there is < p < n such that 

iw < || e |L, 

{ielo\ni<p\ 

Therefore for the above e, there exist some 771,772 G Xp pt / n _ p such that 
W<|| E (^'^(%^, 2 )^|+e= W + e 

{iGXo|"i<p} 

where we put g p = X/{iez |"i<p} 

non-empty neighborhood V of u' such that ||x || < 1^(^)1 +e for any v G V. If < p < n, 
then by Lemma I4.3[ we have 



E ^pfaOVnu (6,1)^,2 (Ci,2)*-0p(?72) 

{«K,i,n i>2 <p} 
{iK,i,n ii2 <p} 



where ^' • G X^?* J n _ p (j = 1, 2) and n[ , = p — riij G N® fc . Next we suppose p = n. Set 



''■7 

n-j := n — njj. Then 



i=l 
L 

= E^m^i)*^,^) 

1=1 

where G X^? (j = 1,2). Hence for < p < n, we get 



ippfayxippfa) = e ^(cy*^^) 

{i|ni,l) n i,2<P} 



and 



^p(Vl)* X 0^p(V2) = E ^v(^T^n it A^)^ni, 2 (^i,2)*^p(V2) = V'q(^)- 

{i|n ii i=n ii 2<p} 

For Q G Cq(A m ), by Lemma [5.21 and Lemma [5 .7\ there are Uij G XT such that 



ie2g 

(«) = E^i^^M^^W^.^) 
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where X£ = {1 < % < L \ i £ X }. We want to find Q G C C {A M ) such that (JJ) = 0. Since 
ip is Nica covariant, for each i G Xq we have 



where we used (n^ 1 + M) V (n^ 2 + M) = (nj x V 2 ) + M. For proving (Jj) = 0, we enough 
to construct a compact neighborhood U such that 

supp(uj,i)[/ V supp(uj j2 )^ = 

for all i G Xq and a function Q G C C (U). Since we suppose A satisfies aperiodic condition, 
there is a G f A-°° such that a holds (A). Fix % G Xq. 

Case 1, there is 1 < / < k such that d(a)n\ < oo and (n^xja) 7^ 0^ 2 )(0- 

Set n—n^VnJ 2 . We may suppose c£(a) G N® fc with aA e ' = and (n^ — > for 

the above /. Set 

K ifl = supp^i), K i>2 = supp(u ij2 ) 
If there is a non-empty compact neighborhood U it x of a such that K it xU it x V K^U^x = 0, 
then we finished. So we suppose K^U^x V K i 2 Ui^ 7^ 0- Then 

is a compact neighborhood because Seg"j +( ??? ./ •> is open continuous map. Since (n' — 

n i,2> n i' a \ a > 

n' i2 )(i) > and d(a)m < 00, we have 

Seg^U))^^- 1 V WO V {«} = 0. 
By Lemma l5.14[ there is a compact neighborhood [7^2 of a such that 

S^kSIk-))^^ 1 v k * u v) v ^ 2 = - 

Set f/j = t/j 1 R Ui 2- Suppose we can take an element A G K, L x Ui V K { 2 U { C A< +d ( a \ Then 
we have 

A« 2 , nj + d(a)) G Seg^^i^f/^ V tf^) 

and A(n^ 2 ,n^ 2 + d(a)) G t/^. But there is no element with this property. 

In this case, we set Mj = d(a). 
Case 2, for all 1 < I < k, we have d(a)m = 00 or if d(a)m < 00, then {n^xjm = 

« 2 )(0- 

Set n'(j = n'ij A d(a) for j = 1, 2 and n" = V n" 2 . We remark n"x 7^ 7i" 2 - By condition 
(A), there is M; < d(a n '^a) A d(a n '^a) such that 

a« tl , <! + Mi) ^ a« 2) < 2 + M^. 

For j = 1, 2, take a neighborhood t/jj of a(n" + Mj) such that [Z^i fl £7^2 = 0. Then we 
remark that d(pt) > n" + Mj. Define a neighborhood U[ of a(0, n" + Mj) by 



i=i,2 
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Take a compact neighborhood Ui C U[ of a(0,n^ + Mi). 

Suppose we can take A G K^iUi V K it2 Ui. Then we have X(n' il , + n-' + M) 6 Ui and 
A(n£ 2 , 77^ 2 + + M) G C/j. Hence we obtain 

Segg^ 2+Ms) (A« 1; < x + < + Mj)) = A(n- )1 + < 2 , < x + < 2 + M 4 ) G C/, )2 

and 

Se grn't A n" 1 +M l )( A ( n i,2 ) "i,2 + K + M i)) = A (<i + n i,2, K.l + ™i,2 + M i) ^ U ifl . 

\ 1,1 ' 2,1 1 1 ' ' ' ' ' 

From the assumption in this case, we can easily check n- 1 + n'- 2 = + n' i2 - But this 
contradicts fl U^2 = 0- 

From the two subcases, for each i G Zo, we have a non-empty compact neighborhood 
Ui C A M< of a(0,Mi) such that supp(«i,i)E/i V supp(u i>2 )t/i = 0. Define M = V ieI cMi, 
U = V ie jgt/j. This C/ satisfies suppfwo)?/ V supp(-Uj 2 )t^ = for all i G Xq. Then [/ is 
a non-empty compact neighborhood of a(0,M). Define Q G C C (U) so that < Q < 1, 
Q(a(0,M)) = l. 

If we define = xJ) p (r)j)(pM(Q), then we obtain 6*x6 2 = 6*a;o&2 from ((j) = 0. Moreover 
Ikoll < \g p (v o )\+e=\Q{a(0,M))g p (v o )Q(a{0,M))\+e 
< \\Q(9p°rM)Q\\co(A M )+ e 

= \Wm{Q{9 p ° r M )Q)\\c(x M ) + e (v ir M is injective) 

= ||V> (^m(Q)0m(#p)ttm(Q))|| + e ('." ^ is injective since ip is injective) 

= II t PM{Q)^o{g P )A{Q)\\ + e = ||<^t/(<5)^ P (^i)*a;o^p(^2)^t(Q)|| + e 
= ||6tx6 2 ||+e 

Hence we complete the proof. □ 

The following statement is the main theorem which is called Cuntz-Krieger type unique- 
ness theorem. 

Theorem 5.16. Let A be a compactly aligned topological k-graph and X he the product 
system arising from A. Suppose A satisfies aperiodic condition and ip is an injective 
CNP-covariant representation. Then Hip : MOx — > C*(ip) is isometry. 

Proof. Take x, Xq G C*(ip) cpt as in Proposition 15.151 Since ||a;o|| < ||a;|| by Proposition 
loTol and C*(ip) cpt is dense in C*(ip), we can define : C*(ip) — y C*(^) core such that 
Hip o E = E^, o n-0 on MOx- Suppose a positive element x G MOx satisfies Uip(x) = 0. 
Then Uifj(E(x)) = E^(Utp(x)) = and by Corollary 14. 114 we get E(x) = 0. Hence x = 
and this implies H0 is injective. □ 

Example 5.17. Consider Abc defined in Example 15 . 1 3 1 and the associated product system 
X. Since Abc satisfies aperiodic condition, Cuntz-Krieger uniqueness theorem holds for 
MOx- This gives another proof of (TTJ Theorem 3.7]. 

References 

[1] N. Bourbaki, Elements of mathematics. Theory of sets, Addison- Wesley, 1968. 

[2] T. M. Carlsen, N. S. Larsen, A. Sims, S. T. Vittadello, Co-universal algebras associated to product 

systems, and gauge-invariant uniqueness theorems, preprint (arXiv:0906.4825v2 [math. OA]). 
[3] N. J. Fowler, Discrete product systems of Hilbert bimodules, Pacific J. Math. 204 (2002), 335-375. 

21 



[4] N. J. Fowler, P.S. Muhly, I. Raeburn, Representations of Cuntz-Pimsner algebras, Indiana Univ. 

Math. J. 52 (3) (2003), 569-605. 
[5] T. Kajiwara, C. Pinzari, Y. Watatani, Ideal structure and simplicity of the C* -algebras generated by 

Hilbert bimodules, J. Funct. Anal. 159 (1998), 295-322. 
[6] T. Katsura, A class of C* -algebras generalizing both graph algebras and homeomorphism C* -algebras. 

I. Fundamental results, Trans. Amer. Math. Soc. 356 no.ll (2004), 4287-4322. 
[7] T. Katsura, On C* -algebras associated with C* -correspondences, J. Funct. Anal. 217, no. 2 (2004), 

366-401. 

[8] T. Katsura, Ideal structure of C* -algebras associated with C* -correspondences, Pacific J. Math. 230, 
no.l (2007), 107-146. 

[9] A. Kumjian, D.Pask, Higher rank graph C* -algebras, New York J. Math. 6 (2000), 1-20. 
[10] M. Laca, Semigroups of *-endomorphisms, Dirichlet series, and phase transitions, J. Funct. Anal. 

152 (1998), no.2, 330-378. 
[11] M. Laca, I. Raeburn, A semigroup crossed product arising in number theory, J. London Math. Soc. 

(2) 59 (1999), 330-344. 

[12] J. Renault A Groupoid Approach to C* -algebras, Lecture Notes in Mathematics, Vol. 793 Springer- 
Verlag, Berlin, 1980. 

[13] M. V. Pimsner, A class of C* -algebras generalizing both Cuntz-Krieger algebras and crossed product 
byZ,m Free Probability Theory, Fields Institute Communications 12, Amer. Math. Soc, Providence 
RI 1997, pp.189-212. 

[14] I. Raeburn, A. Sims Product systems of graphs and the Toeplitz algebras of higher-rank graphs, J. 

Operator Theory 53 (2005), no.2, 399-429. 
[15] I. Raeburn, A. Sims, T. Yeend Higher-rank graphs and their C* -algebras, Proc. Edinb. Math. Soc. 

46 (2003), 99-115. 

[16] I. Raeburn, A. Sims, T. Yeend The C* -algebras of finitely aligned higher-rank graphs, J. Funct. Anal. 
213 (2004), 206-240. 

[17] A, Sims, Gauge-invariant ideals in the C* -algebras of finitely aligned higher-rank graphs, Canad. J. 
Math 58 (2006), 1268-1290. 

[18] A. Sims and T. Yeend C* -algebras associated to product systems of Hilbert bimodules, J. Operator 
Theory, to appear (|arXiv:0712.3073fr 3 [math. OA]) 

[19] S. Yamashita Cuntz's ax + b-semigroup C* -algebras over N and product system C* -algebras, J. 
Ramanujan Math. Soc. 24 (2009), no. 3, 299-322. (|arXiv:0906. 1994^ 2 [math.OA]) 

[20] T. Yeend Topological higher-rank graphs and the C* -algebras of topological 1-graphs, in Operator 
theory, operator algebras, and applications, 231-244, Gontemp. Math. 414, Amer. Math. Soc, Prov- 
idence, RI, 2006. 

[21] T. Yeend Groupoid models for the C* -algebras of topological higher-rank graphs , J. Operator Theory 
57 (2007), no.l, 95-120. 

Graduate School of Mathematics, Kyushu University, Fukuoka 819-0395, JAPAN 
E-mail address: s-ysunashita@math.kyusliu-u.ac.jp 



22 



